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Abstract

Constructions of regular heptagon and triskaidecagon by trisection of an angle are well
known. An elegant construction of the heptagon by S. Adlaj shows a 3-fold symmetry
related to a Galois group. Based on the latter construction, in this article one more for the
heptagon and two more for the triskaidecagon are presented, all using angle trisection.
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1. INTRODUCTION

In [1] A. Gleason gave constructions of a regular heptagon and triskaidecagon using only
square roots and the trisection of angles. Later S. Adlaj [2] presented a very elegant construction
of the heptagon, that shows the action of a cyclic subgroup of order 3 in the related Galois group
on the 3 constructed vertices.

In this article I present 3 new unified constructions of the 2 regular polygons by trisection,
unified means here all based on S. Adlaj’s geometric construction. They all use angle trisection.

In section 2 I repeat the construction in [2] and show one more for the heptagon. In section
3 2 constructions for the trikaidecagon are shown.

2. CONSTRUCTIONS OF THE HEPTAGON

2.1. The first construction, type I: S. Adlaj's from [2]

Let g = e2™3k = (=1 + V31i)/2)%, k=0,1,2 a third root of unity. Define the 3 third roots
(r, k=0,1,2:
_1-3V3i
Co2vT
Determining the third root of { is a equivalent to a trisection because |{| = 1. The angle to trisect
is = —arctan(3 v/3) ~ —79.1066°

Take as radii of the 2 grey, concentric circles in figure 1:

(e=exVl ¢ €y

Ri, Ry = \/(7+ V21)/18. )
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Form three vertices of the heptagon, the three red (—), green (---), blue (---) parallelograms
in figure 1 realize the following complex additions:

Vo =Ri€0+ Ro(1, Vi = Ri€1+ Ro{o, Vo=Rier+ Rolo. " 3

€
P

Figure 1. A scan of the heptagon construction in [2] with the denomination of vertices added by the author
of this article. The vertices €, {; do not have unit distance to 0, instead they should have been denomi-
nated Ry, R2

The 3 constructed vertices Vy, V1, V» represent the quadratic residues PR, = {1,2,4} modulo 7.
The triangle built by these 3 vertices has 3 different side lengths and so no symmetry.
The cyclic permutation Cs : { — {41 of order 3, subscripts modulo 3, acts on these 3 vertices.

2.2. The second construction, Type II

Now the angle to trisect is & = 0 = 0°. Only a square root is necesary to get /3 = 0°,120°,240°.
Set R; =1 and R, equals one of the six real roots r¢, k = 0,...,5 of the palindromic, sextic
polynomial P = r% + 6r° —6r* —29r3 — 6r? — 67 + 1. Because P is palindromic, with every root
r, the inverse is a root too. The 6 roots can be constructed by square roots and solving a cubic,
because with Q = (s3+6s>—9s—41)and s=r+1/r, P = Q(s) r°.
These 6 roots can also be expressed by the {; gotten by the trisection 1:

Sk=—2+ V7 +p), @)

Skt si—4
T, Ths3 = — Sx arootof Q, k=0,1,2. 5)

IThere is no typing error here, in Vp, V; the £ and ¢ subscripts are different

28 © COMPUTER TOOLS IN EDUCATION. Ne1, 2025



Unified Constructions of the Regular Heptagon and Triskaidecagon

The vertices of the heptagon are given by 3. Hint: a negative R, in this geometric construction
means: a vector in the parallelogram has to be taken negative.

In contrary to the previous construction, the triangle built by the 3 constructed vertices
Vo, V1, V> is now an isosceles triangle with a reflection symmetry.

Cs: (% — (k41 acts now on the 6 radii rx and so on the 6 isosceles triangles. Up to scaling and
rotation are only 3 different triangles.

2.3. The third construction, but nothing new, is of type II too

Now the angle to trisect is 8 = m = 180°. Only a square root is necesary to get 8/3 =
60°,180°,300°.

Set Ry =1 and R, equals the negative of one of the six real roots ry of the second construction
in 2.2.

Because a negative radius Ry is equivalent to a positive radius and a rotation by 7 of the
triangle inscribed in this circle: this construction is equivalent to the previous subsection 2.2.

3. CONSTRUCTIONS OF THE TRISKAIDECAGON

3.1. The first construction, type I

Let g = e2™3k = (=1 + V31i)/2)*, k=0,1,2 a third root of unity. Define the 3 third roots
(kv k= 0, 172:

_ V26+5V13- V26F5V13i
2V13 '

Determining the third root of {7 is a equivalent to a trisection because |{*| = 1. The 2 corre-
sponding 2 angles to trisect are:

=Vt ¢ 6)

0* = — arctan( (7)

26¢5\/ﬁ)
3v3V13 )

Take as radii of the 2 grey, concentric circles and angle to trisect, in figure 1:

13+ v13+ V5+ V13
R, Ry = v v , RiRy=1 6%=-23.0510°. 8)

22

The 3 constructed vertices Vjy, V1, V>, see 3, represent the now quartic residues PRy = {1, 3,9}
modulo 13. Using —0* /3 the vertices represent 4 PR, = {4,10,12}. The triangle built by these 3
vertices has 3 different side lengths.

The cyclic permutation Cs : {y — (+; of order 3, subscripts modulo 3, acts on these 3 vertices.

To get the vertices belonging to the 2 remaing multiplicative cosets of quartic residues
2PR,y=1{2,5,6} and 8 PR, = {7, 8,11}, the following 2 radii and angle to trisect have to be used:

13— 13+ V5- V13
R|,Ry = v v ., RiR =1, 0 ~-66.9489°. 9)

22
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3.2. The second construction, Type II

Now the angle to trisect is & = 0 = 0°. Only a square root is necesary to get /3 = 0°,120°,240°.

Set R; =1 and R, equals one of the 12 real roots r, k=0, 1,...,11 of the palindromic, degree
12 polynomial P = r'2 + 12711 — 12710 - 2747° — 44178 + 44177 + 127578 + 44175 — 441 7% - 274713 -
1272 +12r + 1. Because P is palindromic, with every root r, the inverse is a root too. The 12 roots
can be constructed by square roots and solving a cubic, because with Q = (s% + 125° — 18s* —
33453 - 38452 +13235+2131) and s=r +1/r, P = Q(s) r®. The sectic Q factorizes in Q(/13) as
product of R = s +3 2+ V13)s* +21(3+1v13)/2 s+ (15+ 107 v/13)/2) and its Q( v/13)-conju-
gate R.
These 12 roots can be expressed by the ( JE’ gotten by the trisection 6:

sE=—2+ VI3)+ /132 VI3((F +()), (10)
spE /(s -4
T Tk = =5 s; arootof R,  k=0,1,2, 11)
Sp+/(5)2—4 _
Tkt Tht9 = — s, arootof R, k=0,1,2. 12)

The conjugation on the rhs of slf is now a C-conjugation.

The vertices of the trikaidecagon are also given by 3. Hint: a negative R, in this geometric
construction means: a vector in the parallelogram has to be taken negative.

In contrary to the previous construction, the triangle built by the 3 constructed vertices
Vo, V1, V2 is now an isosceles triangle with a reflection symmetry.

Cs : {x — (x+1 acts now on the 12 radii rx and so on the 12 isosceles triangles. Up to scaling
and rotation are only 6 different triangles.

3.3. The third construction, but nothing new, is of type II too

Now the angle to trisect is & = & = 180°. Only a square root is necesary to get /3 =
60°,180°,300°.

Set R; =1 and R, equals the negative of one of the 12 real roots r of the second construction
in 3.2

Because a negative radius Ry is equivalent to a positive radius and a rotation of the triangle
inscribed in this circle: this construction is equivalent to the previous subsection 3.2.

4. CONSTRUCTIONS OF THE PENTAGON

4.1. The first construction, no typel

A type I construction does not exist. Every triangle built by vertices in a regular pentagon is
an isoceles triangle. A triangle with 3 different side lengths for type I does not exist.

4.2. The second construction, Type II

Now the angle to trisect is & = 0 = 0°. Only a square root is necesary to get /3 = 0°,120°,240°.
Set R; =1 and R, equals one of the four real roots r, k =0,...,3 of the palindromic, quartic
polynomial P = r* — r3 —=9r% — r + 1. Because P is palindromic, with every root r, the inverse
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is a root too. The 4 roots can be constructed by square roots, because with Q = s> — s—11 and
s=r+1/r, P = Q(s) r?. No trisection is needed.

S0,51=(1+3 V5)/2 the 2 roots of Q 13)

St /52— 4
Tk Ths2 = — k=0,1 14)
The vertices of the pentagon are given by 3. Hint: a negative R, in this geometric construction
means: a vector in the parallelogram has to be taken negative.
The triangle built by the 3 constructed vertices Vy, V1, V5 is an isosceles triangle with a reflec-
tion symmetry.

4.3. The third construction, but nothing new, is of type II too

Now the angle to trisect is 8 = 7 = 180°. Only a square root is necesary to get /3 =
60°,180°,300°.

Set R; = 1 and R, equals the negative of one of the four real roots r; of the second construction
in4.2.

Because a negative radius Ry is equivalent to a positive radius and a rotation by 7 of the
triangle inscribed in this circle: this construction is equivalent to the previous subsection 4.2.

5. OPEN QUESTIONS

Are the constructions of type I, type II or both also possible for other p-gons with p a prime
of the form 67 + 1? The next primes p to investigate would be p = 19,31, ....
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yHI/I(I)I/IIJ,I/IpOBaHHbIe NOoCTPOEHUA NPaBUJNIbHbLIX CEMNYTOJIbHNKOB
n TpUHA[ALATUYTroJibHNKOB

Pynang X.!, MSc, HesaBUCHMBI nccnegoBaTens, 52 helmut.ruhland50@web.de

AHHOTaUMA

MocTpoeHVst MPaBUAbHBIX CEMUYTONBHUKA 1 TPMHAALATMYIONbHYIKA NyTeM TPUCEKLMN
yI/71a XOpOLUO W3BECTHbI. IeraHTHast KOHCTPYKLUMS cemuyronbHuka C. . Agnail AeMoH-
CTPUpYeT 3-KpaTHY CMMETPUIO, CBSA3aHHYHO C rpynnoii Masya. OcHOBbIBasCb Ha 3TOM
KOHCTPYKLMK, B 3TOW CTaTbe Mbl PACCMOTPUM eLLe OAHY A CEMUYTObHYIKA U eLue ABe
AN TPUHAZALATUYTONBHIKA, BCe C UCMONb30BaHMEM TPUCEKLMN YINa.

Knrouesble cnoBa: reometTpun4eckas KOHCTpPyKyns, Tpucekyms, CeMnyroibHUK, TpnHajLa-
TUYroJ/ibHUK.
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